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1. Introduction

Since the pioneering work of Kydland and Prescott (1977, 1980), there
has been a great deal of interest in studying dynamic economies without com-
mitment. In some cases, a lack of commitment is assumed between private
agents who seek to develop enduring economic relations over time (e.g., mod-
els of strategic altruistic stochastic growth, sustainable private debt, strate-
gic models of human capital formation, among others). In other cases, the
commitment friction is between public and private agents who are trying
to design equilibrium time-consistent public policy (e.g., models of Ramsey
optimal taxation, sustainable sovereign/public debt, hyperbolic discounting,
and monetary policy games). In the end, all of these models share one com-
mon concern, that being the concern of characterizing the set of subgame
perfect equilibria. As it is well-known, in the presence of intertemporal com-
mitment frictions, there are significant complications in even verifying the
existence of subgame perfect equilibrium, let alone characterizing the set of
such equilibria. Additionally, for reasons of tractability and numerical com-
putation, researchers have often focused on pure strategy Markov stationary
Nash equilibrium (MSNE) defined on "minimal” state spaces (e.g., Harris and
Laibson (2001), Krusell and Smith (2003), and Klein et al. (2008)). Unfor-
tunately, many new issues arise concerning the mathematical foundations of
the suggested procedures that have been used in applications.!

In this paper, we propose a new set of techniques for addressing these
problems within the context of an altruistic stochastic overlapping genera-
tions model of growth with strategic bequests. In our economies, we assume

'For example, one method that has been proposed is the so-called ”Generalized Euler
Equation method” (GEE). In the GEE method, researchers either (i) use the theory of
distributions to develop first order expansions of the value function around each point in
the state space to develop an Euler equation to characterize equilibrium, or (ii) apply the
implicit function theorem to obtain local smooth characterizations of Markov equilibrium
on an open set of the steady state. In both cases, the difficulty is to relate the actual
optimization problem (in equilibrium) to the sufficiency of the Generalized Euler Equation
on the open set of the point in the parameter space where the expansion is developed (as
the value function in the equilibrium of the game is not necessarily concave on this open
set).



no commitment between successor generations. An important feature of our
approach is to view the problem within the context of a stochastic Markov
game with a particular stochastic transition structure that has been used
extensively in the literature. This structure allows us to obtain an Euler
equation representation for MSNE that is both necessary and (globally) suf-
ficient. We then use this Euler equation to show that a MSNE is any solution
to a decreasing, continuous nonlinear operator transforming an appropriate
space of candidate pure strategy equilibrium. We solve the resulting func-
tional equation, hence existence is established. We further characterize the
set of MSNE, as well as provide methods for computing MSNE accurately.

More specifically, we first provide sufficient conditions for MSNE existence
in a compact subset of continuous functions, and provide a sharp characteri-
zation of the order structure of the MSNE set (i.e., they form an "antichain”)?.
As we also show that any MSNE in the game must necessarily be a fixed point
of the nonlinear operator we define (as it must satisfy a necessary and suffi-
cient equilibrium Euler equation), this result characterizes the set of MSNE
in the class of continuous functions we study. For this existence result, we
need very mild conditions on the primitive data of the game. Next, and per-
haps most strikingly, we provide a set of sufficient conditions under which
globally stable iterative procedures are available for computing MSNE for
our class of time consistency problems. That is, we prove an uniqueness re-
sult, and show (under stronger assumptions that often are present in applied
work) the result is valid relative to a very broad class of bounded measurable
functions. This later uniqueness result is particularly important as the class
of economies for which it holds includes parameterizations of stochastic OLG
models found often in applied work. It bears mentioning that conditions for
the existence of unique MSNE has been an open question in the literature
(e.g., see the discussion in Curtat (1996) and Amir (2002)). The existence of
such conditions is very important when interpreting either calibration and/or
estimation results that must vary deep parameters of the economy in an effort
to fit models to the data.

Although the focus of our work is motivated by interest in stochastic
overlapping generations models with paternalistic altruism, we also discuss
how the methods used in this paper can be adapted to other important

2We provide all the requisite definitions later in the paper when the results are pre-
sented.



dynamic stochastic games® (e.g., dynamic games with hyperbolic discounting
as in Harris and Laibson (2001) and Krusell and Smith (2003), as well as
settings with non-time separable preferences). For this latter extension, we
develop a new "mixed monotone” technique using methods that have no found
much applications in economics till now. Therefore, in the end, our methods
appear to be quite general.

Finally, as many papers that seek to study dynamic economies without
commitment seek to compute MSNE (e.g., to estimate or calibrate the models
to data), we provide a catalog of results characterizing the properties of
simple approximation schemes (e.g., discretization methods) relative to the
set of MSNE. Along these lines, we show by example how easy our methods
are to implement in practice. It is useful to mention that our methods,
when applicable, avoid many of the technical problems associated with both
generalized Euler equation methods (henceforth, GEE), as well as promised
utility methods (the latter having been used to study the set of subgame
perfect equilibrium in related games).

The remainder of the paper is organized as follows: the next section dis-
cusses how our methods and result fit into the existing literature. In this
section, we especially emphasize how our results complement those found in
GEE literature, as well as those obtained using correspondence-based meth-
ods such as "promised utility” methods. The third section defines the class
of models we initially consider, and provides an interesting class of examples
to motivate our results. As these examples assume power utility functions
and Cobb-Douglas production, they contain many parameterizations of pref-
erences and technologies that have been used in the applied literature (e.g.,
macroeconomics). The fourth section provides conditions under which our
economies have (pure-strategy) MSNE, and we characterize the set of such
MSNE using monotone methods. We also give conditions under which the
set of MSNE is a singleton. In the fifth section, we provide extensions of
our results based upon so-called "mixed monotone” operators, which allow
use to obtain results for the nonseparable utility case. In this section, we
also describe methods that construct approximate solutions for MSNE that
achieve uniform error bounds relative to a simple discretization method. The
final section of the paper concludes with a discussion of applicability of our
methods to other classes of stochastic games, and we include an appendix

3For the details we refer the reader to Balbus et al. (2010a,b).



that presents some definitions, a few abstract fixed point theorems that we
use in the paper, as well as the proofs of all our results.

2. Related literature

The environment we consider has long history in economics, and is one
version of a canonical set of problems studied in the time consistency and
consistent plans literatures. In particular, the particular model we study
dates back to the early work of Phelps and Pollak (1968) and Peleg and
Yaari (1973).* The economy consists of a sequence of identical generations,
each living one period, and deriving utility from its own consumption, as
well as that of a successor generation. As agents cannot commit to plans,
the "dynastic family” faces a time-consistency problem. In particular, each
current generation has an incentive to deviate from a given sequence of be-
quests, consume a disportionate amount of current bequests, leaving little
(or nothing) for subsequent generations.

Within this class of economies considered, conditions are known for the
existence of semicontinuous MSNE, and have been established under quite
general conditions via nonconstructive topological arguments (e.g. Leininger
(1986) and Bernheim and Ray (1987))). An important step forward in char-
acterizing the structure of equilibrium in this class of games was made in
the work of Amir (1996b), where he introduces stochastic convex transitions
structures into the game. He then establishes a result on the existence of
MSNE. This result has been further extended in a series of recent papers
by Nowak and coauthors (e.g., see (Nowak, 2006) and the citations within),
where the stochastic transition structure is often assumed to be an (endoge-
nous) mixtures of probability measures. In this body of work using the
stochastic game framework, the existence results for MSNE take place in
spaces of continuous functions (for both finite and infinite horizon versions
of the game). To verify the existence of equilibrium in the infinite horizon
version of the game, only nonconstructive topological methods have been de-
veloped®. Further, conditions under which MSNE is unique have yet to be

4Versions of our model under perfect commitment have been also studied extensively
in the literature in various contexts also, beginning with the important series of papers
by Laitner (1979a, 1979b, 1980, 2002), Loury (1981), and including more recent work of
Alvarez (1999), Bhatt and Ogaki (2008) among others.

®With only few exceptions like Balbus and Nowak (2004).



established. Both of these facts have important implications for character-
izing the structure of the set of MSNE, as well as allowing the possibility
of providing a rigorous analysis of methods that seek to obtain approximate
solutions.

Therefore, what has been missing in this literature has been methods
that address two additional important questions: (i) can constructive proce-
dures be developed for studying MSNE (which are important not only for
theoretical issues such as equilibrium comparative statics, but also for char-
acterizations of implied limiting distributions associated with pure strategies
of the game, and the development of rigorous numerical methods for approx-
imate solutions); and (ii) can results on uniqueness of MSNE be obtained
(which are useful for developing globally stable iterative methods). We ad-
dress both of these questions in this paper. To this end, we first provide
sufficient conditions under which sharp characterizations of the set of pure-
strategy MSNE can be obtained. In particular, for operator studied, we give
sufficient conditions under which the set of pure-strategy MSNE forms an
antichain (in standard pointwise partial order). We then develop sufficient
conditions under which the set of MSNE computed by our operator is a
singleton. As our methods are constructive, this result provide a rich de-
scription of a class of iterative methods for computing pure-strategy MSNE.
We are able, therefore, to prove a number of interesting theorems concerning
simple numerical approximation scheme that obtains asymptotic uniform er-
ror bounds for approximate solutions, which are useful in applications. In
particular, our methods provide sufficient conditions for globally stable ap-
proximate solutions relative to a unique non-trivial MSNE within a class of
Lipschitz continuous MSNE.

Relative to the literature on recursive methods and dynamic equilibrium,
the technical innovation in our approach is integration of order-theoretic,
topological, and geometrical methods into a systematic study of MSNE. This
step forward is particularly important for numerical work, as we shall show.
Although our techniques are related to previous work on monotone methods
(e.g., see Datta and Reffett (2006) for a literature review and references), as
well as the fixed point theory in ordered topological spaces as found in the
work of Amann (1977), and the geometrical properties of mappings defined
in abstract cones found in the work of Krasnosel’skii and Zabreiko (1984),
what distinguishes the methods in this paper is our exclusive use of (iterative)
fixed point theory for decreasing operators. To the best of our knowledge,
this paper is the first application of iterative methods for decreasing oper-

6



ators for the study of Markov/recursive equilibrium in the literature. The
fact that the operator is decreasing, of course, greatly complicates matters.
For example, unlike the increasing (or "isotone”) case studied in all the pa-
pers stemming from Coleman (1991), as our operators are decreasing, hence,
do not possess a fixed point property relative to spaces of complete lattices
and /or chain complete partially ordered sets®. To resolve the existence ques-
tion, we integrate topological constructions into our order theoretic approach.
In particular, we obtain existence via Schauder’s theorem. A second compli-
cation of studying iterative methods for decreasing operators stem from the
issue of 2-cycles (or so-called "fixed edges”). That is, stability (global or local)
of iterations require developing geometric conditions (as opposed to simple
order theoretic conditions) which have not been required in previous work
(e.g. Coleman (1991, 2000), or Mirman et al. (2008)). We show that such
geometric conditions are available for our case, under reasonable conditions
relative to applied work, and we give explicit examples (and compute MSNE
for them).

Finally, we can relate our methods to those in the existing literature on
characterizing subgame perfect and/or Markov perfect equilibrium in dy-
namic economies without commitment. A ”"direct” approach to our class
of problems has been taken by many authors. In this approach, appealing
to more traditional dynamic programming methods, existence of stationary
Markov Nash equilibrium is obtained via fixed point methods in function
spaces. This approach has a long line of important contributions, includ-
ing Leininger (1986), Bernheim and Ray (1987), Sundaram (1989), Curtat
(1996), Amir (2002) and Nowak (2006)). Also, see the work of Marcet and
Marimon (1998), and Rustichini (1998), among others, for a novel variation
of this approach. A second, albeit a less direct method of equilibrium con-
struction, is the "promised utility method”, best illustrated in the seminal
work of Kydland and Prescott (1980), Abreu et al. (1986, 1990, denoted
by KP/APS henceforth). In this latter” approach, a continuation method

6See e.g., order theoretic fixed point theorems based upon Tarski’s theorem,
Markowsky’s theorems, or their various extensions.

"Here we focus our discussion on methods of KP/APS for few reasons. Firstly, technical
issues related to Marcet and Marimon’s (MM henceforth) recursive saddlepoint methods
remain to be worked out (e.g., Messner and Pavoni (2004)). Secondly, per MM and
Rustichini’s approach, it is not clear what the ad hoc continuation punishment in a recur-
sive/Markov equilibrium in the game will be. As both of these questions, in principle, could



(or "promised utility” methods) based upon strategic dynamic programming
arguments is developed, and authors characterize the set of equilibrium val-
ues that are sustainable in a subgame perfect or Markovian equilibrium. In
this method, the set of equilibrium values induced by sequential equilibria
turns out to be the maximal fixed point of a monotone operator mapping
between spaces of correspondences (ordered under set inclusion). A dynamic
equilibrium, then, becomes a selection from the equilibrium correspondence
(along with a corresponding set of sustainable pure strategies). Applications
of the APS approach are found in numerous papers including Atkeson (1991),
Bernheim et al. (1999), Phelan and Stacchetti (2001), Judd et al. (2003), and
Athey et al. (2005).

Although the promised utility approaches has proven very useful in some
contexts, in our class of models, it suffers from a number of well-known lim-
itations. First, for our stochastic OLG models with strategic altruism, we
do not need to impose discounting, which is typically required for promised
utility methods. Second, the presence of "continuous” noise in our class of
dynamic games proves problematic for existing promised utility methods. In
particular, this noise introduces significant complications associated with the
measurability of value correspondences that represent continuation structures
(as well as the possibility of constructing and characterizing measurable se-
lections which are either equilibrium value function and/or pure strategies).
Therefore, even if conditions for the existence of the greatest fixed point in
spaces of measurable correspondences can be checked, minimally, one loses
the constructive nature of the argument. Equally as troubling, characteriza-
tions of pure strategy equilibrium values (as well as implied pure strategies)
is also difficult to obtain. This last limitation introduces significant problems
in developing a rigorous theory of approximate solutions. Finally, it has not
yet been shown by those that apply promised utility continuation methods
how one can obtain any characterization of the long-run stochastic properties
of stochastic games (i.e., equilibrium invariant distributions and/or ergodic
sets)®. All of these issues are resolved using our methods in this paper for
the class of economies studied.

be studied using KP/APS approach (if the methods could be applied to our problem), we
focus our discussion in this paper on KP/APS type methods.

8For competitive economies, progress has been made. See Peralta-Alva and Santos
(2010).



3. The Model and a Motivating Example

We consider an infinite horizon dynastic production economy without
commitment.’ Time is discrete and indexed by ¢t = 0, 1,2, .... The economy
has one-good each period, has a single store of value which is productive, so
we refer to it as capital. Households are endowed with a unit of time which
they supply inelastically. A dynasty consists of a sequence of identical gen-
erations, each living one period, each caring about its successor generation.
Any given generation divides its output x between current consumption ¢
and investment x — ¢ for the successor generation. The current generation
receives utility U from both its own current consumption, as well as that of
its immediate successor generation. There is a stochastic production technol-
ogy summarized by () that maps current stock and current investment into
next period output.

We provide a few initial formalities. Let I(z) = [0,z] be the set of fea-
sible choices of consumption for a generation with output x, * € I where
the interval I is either bounded or unbounded!'®; i.e. I = [0,S] with S > 0
or [ = [0,00). By I° denote interior of I (we use similar notation later
for other sets). Let the preferences of the current generation be represented
by a bounded, continuous (and, therefore, Borel measurable) utility func-
tion U : I x I — R,. The production technology Q(:|x — ¢,z) will be
stochastic, and governed by probability distribution of the next generation
output parameterized by current investment x — ¢ and state x. Therefore, if
the successor generation follows an integrable, stationary consumption pol-
icy h : I — I, the expected payoff of the generation with endowment x and
consuming ¢ € I(z) is computed as follows:

W(e,z,h) := /U(c, h(y))Q(dy|x — ¢, x).

I
Assuming continuity of the problem’s primitive data, by a standard appli-
cation of Berge’s Maximum theorem, arg max.c;;) W(c, z, h) exists for each
x € I, and can be viewed as a best response of a current generation to the
policy h of its successor. A pure-strategy, Markov stationary Nash equilib-
rium (MSNE) is a function h* such that h*(z) € argmax.c;) W(c, x, h*).

9More precisely, we are studying a dynamic stochastic production economy with both
capital and labor, but with inelastic labor supply. See remarks below on the proper
interpretation of our stochastic production function.

10T denote the latter case, we will sometimes write S = oo.
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Note, such an equilibrium remains an equilibrium if generations are allowed
to use more general strategies (see Bertsekas and Shreve, 1978).

Before proceeding to the main theorems of the paper, we first present a
simple example to motivate the nature of some of our results in the paper.
To do this, we consider the special case of power utility, and Cobb-Douglas
production, which has found extensive use in applied work in economics.

Example 1. To motivate our results consider the following example. State
space is I = [0,1], preferences given by a time separable utility U(cy,co) =
¢ + 5. There is no discounting. Transition Q(-|x — ¢,x) = (1 — (z —
c)")0o(+) + (x — €)Y A(+|x), where &y is a delta Dirac concentrated at x = 0,
the “production” function (x — ¢)" is of a standard Cobb-Douglas form, and
A has a cdf given by: 1;;% The motivation for choosing this particular
form of a transition probability is given in the following sections. Let 1 >
a>0,1>p4>0,1>~v>0.

For this economy, by the main existence theorems of our paper (theorems
2 and 3), there exists MSNE (and its set has no ordered elements). Further,
if o + B < 1, there exist a unique MSNE given by a Lipschitz continuous
function. Moreover, this consumption policy is a limit of the sequence of
consumption policies for finite horizon version of our economy (lemma 3).
By corollary 2, MSNE are continuous in the deep parameters. Finally, to
any arbitrary level of accuracy (in the sup norm), we can calculate MSNE
consumption policy by a picewise-constant approximation scheme using sim-
ple Picard iteration procedure (theorem 6). Example 9, then, extends these
results to the case of non-separable utilities.

The results of our calculations for this example!' are presented in figure
1. In the left panel, we assume the capital share v = 0.33, and vary the
preference parameters « and (. In the right panel, we let the preference
parameters be « = 0.6 and = 0.3, and vary . Sensitivity analysis shows the
large discrepancies in consumption values and more importantly consumption
function slopes.

It bears mentioning that correspondence based methods (e.g., APS meth-
ods) do not apply to this example (e.g., we do not assume discounting). Fur-
ther, GEE methods are not needed (as necessary and sufficient Euler equa-

HUMATLAB program implementing our numerical procedure is available from authors
upon request.

10
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Figure 1: Consumption policy in a unique MSNE. Left panel: parameter v = 0.33 and
various «, 8. Right panel: parameters a = 0.6, 8 = 0.3 and various ~.

tions can be used to characterization best replies), nor are their application
necessarily justified, as MSNE are not necessarily smooth.

4. Main results

We now present our main results for the general model. We start with a
list of assumptions about preferences that we need for existence of MSNE.

Assumption 1 (Preferences). The utility satisfy:
o U:IxI— Ry isof the form Ulcy,c) = u(er) +v(ce), where u and v
are strictly increasing on I. Moreover v is bounded, continuously dif-

ferentiable on*? I°, u is twice continuously differentiable on I°, strictly
concave and continuous on I,

e v(0)=0.
We use the following assumptions on transition probability Q).
Assumption 2 (Technology). Transition probability Q) satisfies

e Q(lx —c,x) = (1 —g(x—¢)do(:) + g(x — )A(-|x), where

12For any set A, A° is said to be an interior of A.
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e g: 1 —[0,1] is strictly increasing, concave on I and twice continuously
differentiable on I°,

o (Vx € I)A(-|z) is a Borel transition probability on I, moreover \(-|z)
satisfies a Feller Property i.e. the function x — [ f(y)\(dy|z) is con-
T

tinuous whenever f is continuous and bounded and for all x \(-|x) is
not Dirac delta concentrated in 0 i.e. A({0}|z) <1 Vier,

e Jg is a probability measure concentrated at point zero.

Before preceding to our main existence theorems, a few remarks on these
assumptions prove helpful. First, as for example in Nowak (2006), we as-
sume () is a convex combination (or mixture) of two distributions, with A
stochastically dominating dy. Hence, the stochastic structure of our game
places probability 1 — g on the possibility that the next period capital is 0,
and probability ¢ it is drawn from A (where these probabilities are endoge-
nously determined). Second, notice all the nonconvexities of transition () are
given by function 1 — ¢g. Now, as Jp is a Dirac delta measure concentrated
at zero, and v(h(0)) = 0, essentially, all such production nonconvexities are
negligible. Third, a comparison between our technologies and those in Amir
(1996b) (for unbounded I) can be made. On the one hand, Amir’s transition
() is not dependent on the stock, but investment only. This situation in Amir
may lead to a unique, but trivial, stationary Markovian equilibrium (see later
in the paper, example 4), we seek to avoid. On the other hand, Amir does
not require the mixing specification for stochastic production that we impose
(although, he can allow it). He also does not require one of distributions to
be Dirac delta.!?

Finally, from an economic perspective, our assumptions on () generate a
large class of stochastically monotone and stochastically concave transition
probabilities (see e.g. Amir (1996b)) with examples of g given by g(x —¢) =
Blx—c)*or g(z —c) = B(1 —e @) where 1 > a > 0 and f3 is a sufficiently
small positive numbers. Such functions are typical forms (Cobb-Douglas and
CARA) used for technology specification in applied macroeconomic papers.
Let us also mention that apart Amir and Nowak, applied papers of Horst
(2005) and examples in Curtat (1996) use similar transition specification
given by a convex combination of two stochastically ordered distributions.

13See his example 2.
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Hence, the difference between ours and their approaches is that we take one
of these distibutions to be Dirac delta at zero.

We now proceed with the construction of MSNE. Under assumptions 1
and 2 the value function W(c, z, h) is strictly concave and continuous in ¢
on I(z). Hence, for each integrable continuation strategy h for the successor
generation, there is a well defined (measurable) best response operator:

A(h)(x) = arg max W(c, x, h). (1)

cel(x)

4.1. Existence

We first prove existence of MSNE within the class of Lipschitzian func-
tions (on a minimal state space I). To do this, we first consider a subset of
Lipschitiz continuous functions within the collection of continuous functions
H, where H is given by the set:

H={hec€)|(VyecI)0<h(y) <y},

where € (I) is the set of nonnegative, continuous functions from I into I.
Endow the set H with the pointwise partial order and the topology of uniform
convergence on compacta of 1. We will denote uniform convergence as ” —
for short. Finally, note if I is an bounded interval, our topology is equivalent
to sup-norm topology. Denote the zero element of H by 6(z) = 0, and the
identity map 0(z) = =.

We seek MSNE within a subset of H. Let Cy be a set of compact subsets
of I° = (0,00). For any function M : Cy — R, define the collection

Lar=1{h e H : Vwee,0 < h(yr) — h(ye) K MW)|yr — 1], 92 > 31 € W

Notice, L, is a set of all increasing and locally Lipshitz functions with com-
mon modulus on all compact subsets of I°. A special case of the set Ly,
denoted by L), is the class of all increasing and Lipshitz continuous elements
with common Lipschitz constant M:

Ly ={he H|(Vy, <ys € 1)0 < h(yz) — h(yy) < M(y2 — 1), h(0) = 0}

Note, in the subset Lj;, we have convergence — equivalent to pointwise
convergence. Further, if My := sup{M (W) : W € Cy} < oo, then L(M) C
Lyy,. Finally, if I is a closed interval (and, hence, compact), the set Ly, is
equivalent to Ly, for some M.

13



Under assumptions 1, 2, for h € H, the objective function for the current
generation is given by:

Wie,z,h) = u(c) + glz — o / o(h(y)\(dylz).

1

Further, as u and g are both differentiable on 7°, we can linearize the objective
W and define a mapping ((c, z, h) as follows:

C(c,x, h) :=u'(c) — ¢'(x —¢) /v(h(y)))\(dy\x). (2)

I

We define our fixed point operator, therefore, using the Euler equation {(c, z, h) =
0. To do this, we first study the properties of ¢ in its arguments. Fix (z, h),
x € I,x >0, h € H. Then, given the concavity of value function W in c,
for each (z,h), a necessary and sufficient condition for ¢*(x,h) € I° to be
optimal is {(c¢*(x,h),z, h) = 0. Further, if (V¢ € I){(c,z,h) > 0, then, the
optimal ¢* = z; while, if (Ve € I){(c,z,h) < 0, the optimal ¢* = 0. We use
the optimal policy function ¢*(z,h) to define a nonlinear operator A with
values given pointwise by Ah(z) := ¢*(x,h). By the above reasoning, we
have Af = 0. Further, given that for all pairs (x, k), the Euler equation is
necessary and sufficient for the optimal solutions ¢*(x, h), any MSNE must
necessarily be a fixed point of our nonlinear operator.

To show that there exists some positive valued function M such that Ah
maps L into itself, we must make the following final assumption. Define
(for a given positive, integrable f) function py : I — Ry with: ps(z) :=
[ f(y)A(dy|z). Then our assumption is as follows:

T

Assumption 3. Assume that:

o (VeeI\{0}Hu"(c) <O,

o for any x € I\ {0}, any** c € [0,2) and ¢"(x — ¢) < 0 value ‘;’l(&—_cc))

is bounded (by some positive constant M,),

e collection of measures {\(-|z),x € I} is stochastically decreasing'® with
x?

14Observe that we allow g”(0) = —cc.

15We say that the collection of measures \(-|x) is stochastically decreasing with z iff
function x — [, f(y)A(dy|z) is decreasing for any integrable, positive real valued and
increasing f of I.
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e for each continuous, positive, increasing and bounded function f, func-
tion py, is continuously differentiable on I°.

o for each compact subset of I° say W there exists a constant M;)/V such

that i; Ez; < M;/V , for any x € W and any continuous, positive, in-
creasing and bounded function f with'® ps(x) # 0. Let M, := sup{M}" :
W e cC}.

Some comments on this assumption are in order. First, requiring stochas-
tic monotonicity of A for the transition structure is stronger than assumptions
used in Nowak (2006) to show existence of a monotone, continuous MSNE.
However, to show existence of a Lipschitz continuous MSNE, Nowak (2006)
assumes!'” that A does not depend on . Using our Euler equation approach,
for A constant, existence of MSNE in L; can be easily established. As we
shall show in a moment, this case is not particularly interesting (e.g., see our
example 4). Given this, our aim is somewhat different, and we show existence
of a monotone, Lipschitz continuous MSNE with A(-|) dependant on x. For
this result, we require some additional assumptions bounding derivatives of
g and py.

To see how conditions on py in this assumption maybe satisfied, observe
that if I is bounded, and for any = € I | the measure A\(-|z) has a density,
and the ratios of derivative (with respect to x) of each of these densities and

%’ < p a.e.), then
this assumption is indeed satisfied with M,, < co. So verifying this condition
is direct.

Assumption 3 is important to characterize a Lipschitz continuous MSNE
with A(-|x) dependant on x in the existence proof based on properties of our
fixed point operator A (defined implicitly within an equilibrium first-order
condition for each generation), whose fixed points turn out to be MSNE. The

next lemma provides some initial properties of the operator A.

densities itself are bounded by some constant p (i.e.

Lemma 1. Let assumptions 1, 2 and 3 be satisfied. Then:

16Tn other words for every compact W such that W C I there is a constant MI‘,’V such

that [p}(z)| < My py(z), for all z € W and any continuous, positive, increasing and
bounded function f.
17See Amir (1996b) for a corresponding assumption that @ does not depend on z.
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(i) there exists a compact set in the — topology, say Hy C H, and A(H,) C
Hy. PFurther, A is continuous and decreasing, i.e. Yho, hy € Hy with
hy > hy, Ahy > Ahs.

(it) assume additionally M, < oo, and let M = 2 + M,M,. Then, for all
h € Ly, Ah € Ly, A is continuous and decreasing.

We now provide our first important result on existence of MSNE. It is
important to notice that in this result, aside from proving the existence of
Lipschitzian MSNE, we also characterize the order structure of the equilib-
rium set in Ly;. In the theorem, ¥4 denotes the set of fixed points of A.

Theorem 2. For the operator A, under assumptions 1, 2 and 3, we have:

(i) a4 C Hy and is a non-empty anti-chain (i.e. has no ordered elements
m HQ)

(1) If additionally M, < oo, then, for a constant M := 2+ M,M,, the set
of fized points W4 of A in Ly is a non-empty anti-chain (i.e. has no
ordered elements in Ly ).

A few remarks on Theorem 2 are warranted. First, clearly the fixed points
of A are MSNE for our stochastic game (as they correspond with equilibrium
best responses for each generations parameterized programming problem).
Further, as our operator is defined implicitly in an Euler equation (which
is necessary and sufficient for a best response), this implies that the set of
MSNE (in Hy) must necessarily form a nonempty antichain. Second, the
conditions assumed in the theorem are not the same as the conditions of
theorem 1 in (Nowak, 2006). For example, as opposed to Nowak, we show
existence of Lipschitz continuous MSNE with A(:|z) a function of z. Finally,
exploiting the antitone structure of our operator Ah, we are able to sharpen
the characterization of the set of MSNE (namely, they form an antichain).
This fact is important, for example, if one considers questions of monotone
comparative statics on the deep parameters of the game (as such conditions
will be very difficult to obtain). Finally, under the conditions of the theorem,
generally the set of MSNE in L, is not a singleton'®. We will consider the
uniqueness question later in this section.

80One method for checking uniqueness of the fixed point of A is to show it is upward
directed. The partially ordered set (B, <) is upward directed if and only if for any by, by €
B there exists by € B such that b; < bg and by < b3 (Cid-Aratjo, 2004).
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We finish this subsection with two common examples (of many) of prob-
ability measures that satisfy assumption 3.

Example 2. Let [ =[0,1] and p(y|z) = % The distribution func-
tion 1s: (2—g)
1— e o)y
Folo) = =

Note that F,(y|-) is a superposition of the increasing function on [0,1] t —
% with increasing function e=>=%); hence, distribution function F, is in-
creasing. This implies that A is stochastically decreasing. Further, we can
alternatively express the density as p(y|z) = exp (—(2 — x)y + ®(x)), where

P(x) :=In(2 —z) —In(1 — e*2). Note that:

1 ev 2 e ! 1
ol < <1 = )
G i N B g
Therefore, we have
dp(y|z
LD < ol o+ o).

< [ f<y)\@pg;jx> sz‘e / Py = 2=y (o).

Hence, the assumption 3 is satisfied.

The next example shows that for unbounded I, assumption 3 is also sat-
isfied:

Example 3. Let 7 > 0, and k > 0 be some positive constants, I = [0, 00)

and \(-|z) be Pareto distribution with density p(y|x) = W fory > =
and 0 otherwise. The distribution function is:

k
1 . 1
Fy(ylz) = { (o) 0wz

0 otherwise.
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Let us take arbitrary continuous, positive, increasing and bounded function
f. Then,

/ F)olslo)dy = (o).

where Z(x f y +dy. Observe that Zf exists and
1

x+T

k? k
Pile) = _WZ(I) * x +7‘f (ZL‘iT) '

Hence,
2
‘p'f(x) . T 2@+ e f (55)
pr(@)| ~ ﬁz(ﬁ?)
k 1
— + (iL’—I—’T)k_lf <z+7>.

T+ T

Since f is increasing, f(y) > f(-—=

=) fory > # and:

/ k-1
xr i T s T
Ps f yk_1+1dy

_1
T+T

Then, if we take arbitrary compact subset of I say W then we have

P(x)

py(x)

_ W
T eW 4T P

for all x € W. Since M;V does not depend on f, assumption 3 is satis-
fied. Notice, for T > 0, this distribution satisfies stronger condition: M, =
sup{MZ‘,’V W e G} = % < 00; hence, our results imply the Lipshitz conti-
nuity of MSNE strategy with modulus 2 + Mg¥. If T = 0, we obtain locally
Lipshitz continuous MSNE strategies.
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4.2. Uniqueness

We now turn to the question of MSNE uniqueness relative to a the class
of bounded measurable pure strategies. Before doing this, we mention a few
reasons why such a result is important. Aside from the fact that such unique-
ness results have not been generally available on the literature on stochastic
games for infinite horizon, perhaps most importantly, a uniqueness result
implies iterative procedures based upon our fixed point operator that are
globally stable. This is particularly important when studying the proper-
ties of approximation procedures for constructing numerical solutions. It is
equally as important if one wants to either calibrate the MSNE in the deep
parameters of the model, and/or estimate the model. As multiplicities create
complications in interpreting the set of equilibrium at different elements of
the parameter space, rigorous answers to such questions requires minimally
some theory of equilibrium selection.

To make clear the structure of our arguments, we begin with an example
showing that under certain assumption on transition A the MSNE is unique.
The fixed point construction we use in this example will be later used to show
some more general conditions under which the set of MSNE is a singleton.

Example 4. We will now show that under the assumption that: (i) u,v,g
are increasing; (1) u, g are bounded and concave,; (iii) one of u or g is strictly
concave; (i) v(0) = 0; (v) A(-|x) is constant with xz; there ezists a unique
MSNE of a bequest game under study. To see that let us introduce some new
notation:

w(e,z,p) = ule) + g(x = c)p and ¢;(x) = arg max w(e,z,p),  (3)

and let p= [, v(y)A(dy). Now introduce an operator: B :[0,p] — [0,7]:

B(p) = / o(c(4)A(dy),

and observe that B is well defined. B is also continuous since cj(x) is con-
tinuous with p for any x. This follows from strict concavity of w with ¢ and
the Berge (1997) maximum theorem applied to mazimization in (3). Hence,
by the Lebesgue dominance theorem, we obtain continuity of B.

To show B is decreasing, we claim that best reply c,(z) is decreasing
with p for any x. To see this, observe that [0,x] is a complete lattice, and
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the objective w(-, x,-) has decreasing differences for any x, since g(x — c) is
decreasing with c. Applying Topkis (1978) theorem, noting the uniqueness of
the best reply, we have c;(x) decreasing with p.

Finally, by Brouwer’s theorem, B has a fixed point. Further, the fized
point is unique (as, B is decreasing, and [0,p] C R'). To show that a
unique fized point of B, say p*, corresponds to a unique MSNE of the be-
quest game under study, observe by definition of a fixed point, we have
B(p*) = ffv(c;;* (¥))A(dy). Moreover, by a definition of c;., and the fived
point property, we have:

Cpe(r) = arg Orgliagxw(c, x,p*) = arg oga%(mu(@ + gz —c)p" =
= arg max u(c) + g(x —¢) /Iv(cp*(x)))\(dy).

Hence, c,. is the unique MSNE of the bequest game under study.

This example is important, as it shows when the measure A(-|x) is con-
stant with z, the continuation value in the game is constant. Hence, our
decreasing operator B has a unique fixed point, and the game has a unique
MSNE. This example also motivates why our assumption that @ is not only
investment, but also state dependant, is important.

Of course, more generally, the measure A(-|x) does depend on z. There-
fore, the resulting continuation value in the game is a function (and, there-
fore, this simple method to solve the game does not apply). In the following
discussion, we provide a set of assumptions where A(-|x) depend (but is not
necessarily decreasing) on z, yet we obtain a unique MSNE of the game un-
der study. Let us note that the method used in example 4 is similar to that
applied in the general case, i.e. we will define a decreasing value function
operator B (with the key difference being that we check uniqueness of its
fixed point using very different argument).

Let P = {p : I — R4|pis bounded and Borel measurable}. Define an
operator B : P — P as follows. For p € P, compute:

B)(w) = | vle; )\ dle).
with
cy(w) = arg max {u(c) + p(o)g(z — )}

cel(x
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By assumption 1 and 2, we obtain

x if v/ (x) — p(x)g'(0) > 0,

)
() = alx) i u'(0) —p(x)g'(x) > 0> (x) - p(x)g'(0),
0 ifu(0) —p(x)g'(z) <0,
where ¢f(x) is the ¢ solving equation u'(¢) — p(z)g'(x — ¢) = 0. Now, consider

the following functional equation:

plz) = / v (€3(1))) Mdylz). (4)

This functional equation is easily shown to be well defined. Further, note
we have a solution to the functional equation (4) p* € P if and only if
h*(x) = c;.(z) is a MSNE. We now prove the following theorem.

Theorem 3. Let conditions 1 and 2 be satisfied with I bounded. Assume
that lim u'(c) = oo, u'(c) < 0 for ¢ > 0, and (Ir,0 < r < 1) such that

c—0

(Vz € 1,2 > 0) the following holds:

cv'(c)
v(c)

Then, B is decreasing and has a unique fized point p* in P° such that

(Vpo € P?)  lim |[p, —p*|| = 0, (6)

cu’(c)  cg'(z—c)
w(e) gz —o

(Ve e I°(x)) <r|-

()

where p, is computed recursively as (¥Yn > 1) p, = B(pn_1) for all py. More-
over, we have the following estimate of a convergence rate:

||pn _p*H < MB(l - Trn)7 (7)

where Mg > 0 and 0 < 7 < 1 are positive constants that depend on the choice
of po.

Theorem 3 gives the sufficient conditions for the uniqueness of fixed points
for the operator B, and this uniqueness result is robust to a very large space
of functions (i.e., the space of bounded, real-valued, Borel measurable func-
tions on I). Additionally, this unique fixed point corresponds to the unique
measurable MSNE A*. Theorem also provides error bounds, and rates of
convergence of iterations on B to this unique fixed point.
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If we add assumption 3, and link our results with results of theorem 2, we
can also say that this unique MSNE corresponds to existence in the space®®
Ly;. So we are able to prove uniqueness relative to a very large set of functions
(bounded measurable functions), and existence in a very narrow set (Lipschitz
continuous functions). So the result of the theorem is very strong.

The mathematical intuition behind theorem 3 is the following: since the
operator B is decreasing, it may have multiple, unordered fixed points (actu-
ally, as our existence theorem shows, an nonempty antichain). The conditions
in Theorem 2 assert, however, that this operator is "e-convex” (see Guo and
Lakshmikantham (1988)) or in other words it is a "local contraction” (i.e.
a contraction along cone origin rays). This property is a very strong infinite
dimensional geometric condition, and sufficient for existence of a unique fixed
point. From an economic perspective, the condition (5) has a very simple
interpretation in terms of elasticities. That is, it requires that the sum of
elasticities (in absolute values) of the primitives that generate current period
returns (i.e., v’ and ¢’ with respect to ¢) to exceed elasticity of consump-
tion for continuation utility v. That is, the percentage change in next-period
utility v resulting from a one per-cent change in ¢ cannot be too high?’. Al-
though condition (5) is restrictive (as one cannot expect MSNE uniqueness
under general conditions in this class of games), it still is satisfied for general
utility functions (including those often used in applications). Let use provide
a simple illustration related to the initial motivating example of the paper.

Example 5. Let I be bounded. Consider the time separable power utility
function: U(cy,cy) = ¢ + 8¢y, where 0 < 6 <1 and 0 < a < 1,0 < § < 1.
Observe that U satisfy assumption 1 and conditions in theorem 3, whenever
stochastic production parameterized by the function g satisfies assumption 2.
To see this, follow the inequalities for ¢ given as in (5):

cv'(e) . gl m=c) ()  cg’(z—c)
g —PA<l-asl-a— gy = —"ng ~ ye-o

where, the first inequality is satisfied by assumption, and the second follows

from the strict monotonicity and concavity of g. Since, the inequality is strict,

I with 0 < r < 1, such that condition (5) holds for x in bounded I.

19Example 5 shows that it is indeed possible for a common functional forms of preferences
and production to satisfy all these assumptions.

200bserve that condition (5) is equivalent to: [In(v(c)))’ < rlln(¢’(z—c))] —r[ln(v/(c))]'.
We thank anonymous referee for suggesting this formulation.
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So under the standard power/CRRA utility specification often used in
applied macroeconomic modeling, our condition is satisfied. Further, to un-
derstand the nature of our condition, notice that by dividing inequality (5)
by ¢, for continuous v with v(0) = 0, the left hand side of our inequality tends
to infinity with ¢ — 0. So, essentially for our condition to hold for ¢ close
to 0, one needs the absolute risk aversion measure %,H be unbounded, and
also tend to infinity with ¢ limiting to 0. Hence, condition (5) is not satisfied
for utility functions such as u(c) = In(c+ 1) or CARA preferences given e.g.
by u(c) = 1 — e~¢. Finally, observe that Example 5 suggests that for CRRA
utilities, functional form of a "production” function g does not have to be
specified, nor does “;—/,/ need to be unbounded. This is important in the view

of assumption 3 and theorem 2 where for MSNE in L,, we need g—,,, to be
bounded. Hence, our example 5 can satisfy assumption 3 as well.

The theorem also provides a globally stable successive approximation al-
gorithm that allows us to compute the unique equilibrium, as well as provide
uniform error bounds for equilibrium values approximation directly. Note,
from the unique relationship between h* and p* (i.e., h*(z) = c;.(x)), we are
able to relate theorems on h* with theorems that concern p*. To see this, we
simply relate iterations on the operators A, with iterations on the operator
B as follows:

A () = oy (@), (8)

with po(x) = [;v(ho(y))A(dy|x). By continuity of p — ¢,(x) in the point-
wise order, we have A""'hg — h* pointwise. Since (under assumption 3)
A" hy € Ly, pointwise convergence implies uniform. These relationships
are summarized more formally in the following corollary.

Corollary 1. Let assumption 3 and the assumptions of theorem 3 be satis-
fied. Then, A has a unique fized point h*, and

(Vho € L3y) li_>m |hn — R*|| =0, 9)
where
A — B[] < Ma(1—7""), (10)

where My > 0 is a positive constant dependent on the choice of hy.

4.3. Continuous comparative statics

In this subsection, we consider conditions under which continuous com-
parative statics of an MSNE equilibrium set are available. Such comparative
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statics are sufficient to build rigorous applications of calibration and/or esti-
mation methods to the question of sensitivity analysis in our games.

For this, we first parameterize primitives of our economy by 6 € ©, where
© is a compact interval in R™. For each 6 € ©, let u(-,0), v(-,0), g(-,0) be
functions summarizing preferences and stochastic technologies in the previous
sections of the paper (only now, we let them depend on ), and let the
probability measure we use to generate the stochastic transitions on the state
be parameterized as A(:|z, #). Notice initially, that when assumptions 1,2 and
3 are satisfied for any 6 € ©, the constant M = 2 4 M, M, might depend on
6. Denote this dependence as M(6), and observe that for compact I, we have

M(f) < oo for all § € ©. If we further assume that sup M (0) < M for some
60

constant M > 0, then we can let LN Ey;(6) denote the set of MSNE belonging
to Lj; in the game with parameter §. We often denote this correspondence
as a mapping 0 — LN E;(0). We now have the following comparative statics
theorem.

Theorem 4. For each 0 € O, let assumptions 1,2 and 3 be satisfied, and
I bounded. Moreover, let the mappings (¢,0) € I° x © — u(c,0), (¢, 0) —
v(c,0), (i,0) € I° x © — ¢(i,0) be continuous, as well as let the collection
(0,2) — A(|z,8) be stochastically continuous. If in addition, we assume

v(+,+) is uniformly continuous, and sup M (0) < M for some constant M > 0,
0o
then the correspondence § — LN Ey;(0) is upper hemicontinuous (i.e. has a

closed graph).

Corollary 2. Let assumption of theorem 4 be satisfied. If for all 8, there is
a unique MSNE, then the function @ — LN E;(0) is continuous.

The theorem, as well as its corollary are very important in applications.
First, obviously, the corollary gives conditions under which continuous sen-
sitivity analysis of the equilibrium set is possible. Such a result can also
be critical in developing conditions under which the simulated moments of
the model converge to the actual moments of the model (e.g., Santos and
Peralta-Alva (2005)).

Second, given recent work on approximating upper hemicontinuous cor-
respondences (e.g., Beer (1980) and Feng et al. (2009)), the theorem implies
that one can build step function approximation scheme to approximate the
equilibrium correspondence to compute equilibrium comparative statics. For
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such an algorithm, it will be the case that as the "mesh” of the approxima-
tion scheme becomes finer, the approximation scheme will converge pointwise
Hausdorff to the mapping LN Ey; (uniform in the case of the corollary to the
theorem). Constructing such an approximation scheme is possible because
the theorem shows that the equilibrium correspondence LN Ej; is valued in
a compact subset of a function space, where uniform approximation schemes
for arbitrary elements of this function space can easily be constructed (e.g.,
using various discretization schemes or piecewise linear /constant approxima-
tion schemes), as well as the fact that the theorem says the entire set of
MSNE moves in an upper hemicontinuous manner. The result is important
as it is difficult to imagine how one could obtain such a strong characteriza-
tion of the set of MSNE using the various alternative methods in the existing
literature (i.e., GEE or KP/APS).

Therefore, in the end, the theorem provides an exact analog to the cor-
respondence based solutions methods for games (e.g., KP/APS methods)
relative to the question of computable equilibrium comparative statics. This
is in contrast to the existing methods, whose focus is on how to compute the
set of Markov and/or subgame perfect equilibrium that exist at a particular
parameter, say 6 € O. So, in this sense, our methods provide a new direction
for correspondence-based computational methods that are an alternative to
the methods in the existing literature.

Finally, returning to the corollary of the theorem, we know of no ana-
log to this theorem in the existing literature using either GEE methods or
correspondence based/promised utility methods. In particular, without our
geometric approach (which require operators in function spaces to character-
ize the requisite geometric conditions), even if it is know that the equilibrium
correspondence LN Ey; is nonempty valued, it is not known that is a func-
tion. Such a sharp characterization of LN Ey; is needed if one wants to have
a great deal of certainty that the comparative static computed actually cor-
responds to the actual comparative static that arises in the equilibrium of
the stochastic game.

We conclude this section with an example, of how to construct requisite
bounds to characterize LN E};.

Example 6. Let I be bounded. Fiz constant 6 € (0,S]. Continue example 2

_ i) TR

with p(y|z) = ) when y € [0,0] and 0 otherwise. QObserve
1—e \*70
that the assumption 3 is satisfied for each 0 > 0. If additionally g satisfies
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assumption 3, we then obtain M, = %?:Zj. Letting © := [¢,S], and € > 0
we obtain: M(0) =2 + %f:ing < 24122\ Hence the conditions of

el—e—
theorem /4 are satisfied.

4.4. FExistence of Stationary Markov Equilibrium and Stochastic equilibrium
dynamics

The results stated in theorem 2 and 3 allow us to further characterize
the structure of MSNE for the economies under study. To do this, we first
prove a result on the existence for Stationary Markov Equilibrium (SME).
We define a Stationary Markov equilibrium to be a pair h* € L), (that is, a
pure-strategy MSNE in L)), and its set of associated invariant distributions
on I. We prove the following result:

Theorem 5. Let assumptions 1,2,3 be satisfied, with g(0) > 0, and I bounded.
Assume additionally that ||g|| < 1, and let h* € Ly be a MSNE of the game.
Then, the Markov process induced by QQ, parameterized by h* has a unique
wvariant distribution, and a process started from xog € I converges to this
distribution.

With results of theorem 3, we have the immediate corollary that is par-
ticularly useful in applications:

Corollary 3. Under assumptions 1,2 and 3 with g(0) > 0 and I bounded,
there exists a SME. If in addition other conditions of theorem 3 are satisfied,
then there exists a unique SME.

It is important to note that in our model, as A(-|x) is stochastically de-
creasing, the transition probability is not a special case of that in the work of
Amir (1996b). If A\(-|z) is stochastically increasing (see e.g. (Amir, 1996b))
we would easily obtain convergence to an invariant distribution (by Knaster-
Tarski theorem); the problem is its uniqueness would not be guaranteed.
Such a situation could be a significant complication in some applications
(e.g., in calibration and/or estimation problems).

Apart from previously stated assumptions, in these results, we require
that g(0) > 0. Many common production functions used in applied work
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satisfy this condition.?! It bears mentioning, we only need this condition for
our results on SME. The following example shows that under assumptions
used in Nowak (2006), i.e. bounded I and g(0) = 0, the invariant distribution
induced by a MSNE A* is still unique, but trivial.

Example 7. Assume 1,2,3 with I bounded but with g(0) = 0. Let {x;:t € N}
be a Markov chain generated by Q(-|xi—h*(x¢), x¢). We now show that xy — 0
almost surely and x; > 0 for at most finite number of t.

Let py := Prob(xz; > 0). Let E(-) be an expected value operator induced by
the chain {x; : t € N}. We show that > p; < 0o. Observe that p, = 1—F;(0),
=1
where Fy is a distribution function of zy. Clearly, F;(0) := 1 — E(g(z4—1 —

h(z¢-1))) == 1 — pi_1. By our assumptions, we have:

Pt =

IN

E(g(x

_ ( 2))A(dx|zi-1)g(@—1 — h(24-1))
( Mdx|zi1)g(zi—1 — (1))
g

A(dz]0)pp_1. (11)

Since 0 < fg Adz|0) < 1, we have Y 7, pr < 0. Since py = pi—1, by

Borel- Cantellz theorem, we obtain the occurrence {x; > 0} holds for the finite
number of t almost surely.

2lFor example, many CES production functions. That is, for our economy assuming
inelastic labor supply (hence, in equilibrium, n = 1), one specification for g has §(k,n) =
G(g1(k)+g2(n)), where G and g; are strictly increasing, strictly concave, and smooth, and
9:(0) = 0. Then ¢g(0) = §(0,1) > 0. For example, if g given by a standard CES production
function (used commonly in the real business cycle and macroeconomics literature), we
have j(k,n) = [k® + n°]7, which has g(k) = §(k, 1) satisfying our assumption as g(0) =
§(0,1) =1 > 0. To see why the condition is needed, as we allow g(0) = 0, given our
specification of @), observe that the unique equilibrium invariant distribution associated
with any MSNE will be concentrated at the point z = 0.
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The above example shows the actual justification of assumption g(0) > 0.
If we let 0 be an absorbing state then we eventually end up in a trivial invari-
ant distribution, delta Dirac concentrated at point 0. It bears mentioning
that the reasoning in above example 7 can be easily generalized to the case
where I is unbounded, since by assumption 2 A(-|x) is stochastically decreas-
ing. Further, note that if we assume that A(:|x) is stochastically increasing
and [ is unbounded, this reasoning above will not work. Therefore, although
Amir (1996b) is not characterizing the SME of the similar bequest game, we
cannot claim that under ¢(0) = 0 invariant distribution in his game would
be trivial.

5. Further discussion and extensions

In what follows we (i) derive error bounds for an approximation procedure
for computing MSNE of the bequest game, (ii) show uniform convergence
result of equilibria in the finite horizon bequest game to the equilibria in
infinite horizon game and finally (iii) we extend uniqueness result to the non-
separable utility case. We begin with the question of uniform approximation
schemes.

5.1. Computing MSNE

We first construct accurate approximate schemes for MSNE for the economies
we consider. In particular, we discuss a simple discretization method for com-
puting fixed points of the operator A (and, hence B via relation (8)) cor-
responding to a unique MSNE of our bequest economy. Following standard
arguments in the literature (e.g., Fox (1973), Bertsekas (1975) and Hinderer
(2005)), and exploiting the Lipschitz and uniform continuity of MSNE, we
can calculate uniform error bounds for an approximation of given precision,
and we can prove that a discretization procedures converge uniformly to an
actual solution as its precision/mesh of the scheme gets arbitrarily large/fine.
We consider the case of bounded intervals I.

Consider the following discretization scheme. Partition bounded set [
into m mutually disjoint intervals Iy, I, ..., I, such that I = U, I; where
r; € Iy and Py, = {x1,22,...,2,}. Denote by d,, = maxj”, sup,c; [z — 7|,
i.e. the maximal grid size. Consider a function h,,, as well as an operator
A, where h,, is a piecewise-constant approximation (i.e. a step function
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approximation) of h defined by:*

(Ve € P,) hn(z) = h(z),
Ve € L) hy(z) = h(z),

and, similarly, A,,h,, is a piecewise-constant approximation to Ah,, defined

by:

(Ve € P,) Apnhn(x) = Ah,(z),
Ve € L) Apnhp(x) = Anhn(z;).

So, the approximation is the following: the approximate function is set equal
to the original function on the grid of the approximation, and we extend
the approximation’s definition to the whole compact interval I by defining
the approximation to be constant in each of the subintervals I;. This is a
standard piecewise constant discretization scheme.

Now, for any h" € Ly, let the approximation of h° be given by h?,, and
define A" be an n-th iteration of the approximate operator A,, from h? .

Theorem 6. Let assumption 3 and those of theorem 3 be satisfied with M, <
00, and d,, — 0 as m — oo. Then, for any h® € LS, :

lim lim || A% RS, — h*|| = 0. (12)

n—00 M—00

where h* € LY, is the unique fized point of operator A. Moreover, we have
the following estimate for an approximation error:

(Vn,m € N)  |ARRS, — 1| < (n+ 1)dmM + Ma(1 —77"),  (13)

where 1 >1r >0 and My > 0,1 > 7 > 0 are constants that are dependent on
a choice of h° € L§,.

Observe that the inequalities in (9,10) imply that operator A has prop-
erties similar to a contraction mapping. Indeed, appealing to versions of the
converse to Banach’s contraction mapping theorem (namely, Janos (1967)

22We choose a piecewise constant approximation scheme because it is arguably the
simplest approximation scheme on can imagine. Obviously, similar results are available
for piecewise linear, splines, and some polynomial schemes.
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or more recently Hitzler and Seda (2001)), one can show that there exists a
metric that induces an equivalent topology as the sup norm and under which
the operator A is a contraction. Further, by the main theorem in Leader
(1982), there exist direct links between iterations of the operator A in the
original metric (i.e., sup metric), and the induced iterations of A under the
equivalent metric under which it is now a contraction. This link proves a
critical step when calculating error bounds of our approximation.
We now provide a example of how to calculate error bounds.

Example 8. Consider parititoning I into equally-long subintervals i.e. x; =
i%, and d,, = %, 1 =20,....,n—1. Observe that 1 —e* < —x for all x € R.
Then, theorem 6 yields error bounds of approrimation scheme of the form:

AL (B) — Il < (n+ DM + Ma(1—7"")

1 .
< TN M (1 = e o)
< oM — Mayr™In(r)
m
< max (2IM, —In(7)) (ﬁ + r") :
m

5.2. Finite horizon stochastic games

We now relate MSNE in finite horizon versions of our stochastic game to
those in infinite horizon case. In particular, we provide conditions when the
stationary MSNE is the uniform limit of a collection of finite horizon games’
equilibria. Such conditions are not known in the existing literature.

We first consider a finite horizon case of our bequest game, i.e. an economy
populated by T' generations, each with preferences (Vt < T)u(c;) + g(x —
) [ v(cer1(y))A(dy|x), and the terminal generation with payoff u(cr). The
results on existence and uniqueness of nonstationary equilibria in this class of
games are well known (e.g. see Amir (1996a)). We now consider the limiting
behavior of these games. Precisely, if ¢} is the optimal strategy of a first
generation in the T-horizon bequest game, we give conditions that guarantee
(i) uniqueness of MSNE in the infinite horizon game, and (ii) limy_,o, ¢ = A
uniformly:.

Formally we have the following lemma:
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Lemma 7. Assume 1, 2, 8 as well as conditions in theorem 3. Then h*
1s the unique MSNE of the infinite horizon bequest game, and we have the
nonstationary pure strategy Nash equilibrium in the finite horizon game sat-
isfying

Iz — h*|| = 0.

5.3. FExtensions to Economies with Non-separable utility

Finally, we study the uniqueness of MSNE for economies where each gen-
eration has non-separable utility. For this, we appeal to the fixed point theory
for so-called "mixed monotone operators”, that have found little application
in the economics literature. We first define a mixed monotone operator. Con-
sider an operator f: X x X — X, with X is a partially ordered set. We say
the operator f is mized-monotone if (i) for each yo € X, f(x;yo) is increasing
in z, and (ii) for each xy € X, f(y; o) is decreasing in y. In our applications
of mixed monotone operators in this section, we apply an important result on
existence and uniqueness of fixed points for mixed monotone operators that
is due to Guo et al. (2004), which also exploits some geometric conditions
that can be checked in economic applications.

To develop our arguments for this section, we shall maintain the con-
ditions on technology in assumption 2, but replace assumption 1 with the
following new condition:

Assumption 4 (Preferences). The utility function satisfy:

o U(c) is given by U(cy, c2) = u(cr) +v(er)v(e) where u,v,v: Ry — Ry,
are strictly increasing and continuous. Moreover u,v are continuously
differentiable and are strictly concave,

e 4(0) =0, »(0) =0, v(0) =0,
o lim, ,gu'(a) =00 and (Va € I,a > 0)0 < u/(a) < oo,
e lim, ,0¢'(a) =00 and (Va € I,a > 0)0 < ¢'(a) < co.

Using lemma 1 from (Nowak, 2006), for a continuation strategy for the
successor generation h € H, a standard argument shows that objective func-
tion for the current generation:

W(e,x,h) = u(c) +v(c)g(z —¢) /U(h(y))/\(dylfﬂ)

I
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is well-defined, strictly concave in ¢ on I(z).Therefore, at each h € H, there
is a unique best response for the current generation. Also, note that as u, v
and ¢ are each continuously differentiable, we can again use the linearization

é}},—VC‘}(C, x,h) to define a mapping ((c, z, h) as follows:
(e, h) = () +/ (O)g(a—0) / o(h(y))Mdylz) (g (z—c) / o(h(y))Adylx).

Then, again, using ¢, we define a new mapping (¢, x, hy, hy):

(e, ) = 0+ @gla=e) [ oI dsle)=v(0)g' ) [ v(hau) N,
where hi, hy € H. Notice, we have decomposed the continuation structure of

the game into a pair of functions (hq, he). We can use this decomposition in

¢ to define a mized-monotone operator.

To see this, first observe that ¢ is strictly decreasing with ¢ and hs, and
strictly increasing with h;. Define an operator C' on ¢ (I) x € (I) for z > 0
by: C(hy,0) = 6 (where §(y) = 0 and 0(y) = y), and if hy > @ then C(hy, hy)
is an argument ¢ which solves the equation ¢(c,z, hy, he) = 0. Observe, as
¢ is strictly decreasing with ¢, the Inada conditions guarantee that C' is well
defined. Moreover, as < is continuous in z and ¢, we have C' : €(1) x €' (1) —
% (I). Finally, Inada conditions give us also that C'(hy,hy) # 0. The fact
that C is mixed monotone is straightforward. Observe that as opposed to
the method used in section 4.2 here we define an operator not on values but
on the first order condition.

We now prove the main result of this section of the paper. Instead of
proving the general theorem on existence, we use power utility functions
(similarly to example 5) to show conditions for MSNE uniqueness. Notice
the example chooses preference that are common in applied work.

Example 9. Let u(c) = ¢}, v(cy) = ¢, and v(cy) = ¢5 , where 0 < o < 1,
0<pB<1,0<vy<1wthl bounded. If assumptions 2 and 4 on bounded
I are satisfied with a4+ 25 < 1, v < «, then, C' has a unique fized point on
€ (I) and condition (A.5) holds.

6. Conclusion

This paper proposes an order-theoretic method for constructing Markov
stationary Nash equilibria in games of intergenerational altruism, as well as
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constructing nontrivial SME. Under additional conditions, using new geomet-
rical methods in operator theory, we obtain conditions for a unique MSNE
and global stability of nontrivial SME. Our theorems are sharp. As they are
also constructive, we are able to provide a rigorous relationship between ap-
proximate and actual MSNE for the economies we study. Theorems 2 and 3
present sufficient conditions for existence and uniqueness of MSNE that are
often met in applied work in intergenerational models of dynamic equilibrium
(e.g., overlapping generations models in macroeconomics). Using fixed points
methods for mappings in abstract cones, we are able to construct a sequence
of policies converging uniformly to the unique MSNE of the economy. The
results can be extended to asymptotic results for approximate solutions via
discretization, and we can then obtain uniform error bounds for computing
unique MSNE.

We stress that the method and examples presented in the paper can be
generalized and used to study the broad class of overlapping generations
macroeconomies with partial commitment. Issues that remain to be studied
in future work are numerous. First, one should design a decentralized OLG
economy without commitment that corresponds to decentralization of the
equilibria in bequest game under study, to see if a tractable dynamic general
equilibrium model without commitment can be designed that would be useful
for applied work in the lifecycle literature. In principle, one could compute
equilibrium prices, and prove the existence of a unique decentralized station-
ary Markov equilibrium. Additionally, one could add labor/leisure choice
into the environment. We feel that these two steps are necessary in order to
bring the models with partial commitment that are common in macroeco-
nomic applications to the level of analysis which is now common with models
lacking such strategic interactions across generations.

Finally, as mentioned in the introduction, we believe that the monotone
value function operator methods can be applied to other classes of economies,
including time-consistency games. Specifically, in Balbus et al. (2010c) we
show how our procedure to calculate a unique SMNE can be extended on
multiple choice variables, allowing to include e.g. elastic labor choice in a
class of OLG models with limited commitment. In Balbus et al. (2010b),
we show how our transition probability and monotone operator methods can
be used to compute optimal, time-consistent consumption policy of a quasi-
hyperbolic consumers under uncertainty and borrowing constraints. Finally,
in Balbus et al. (2010a), we prove a number of theorems allowing for a con-
structive study of equilibria of stochastic supermodular games including such
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models as Markov perfect industry dynamics (see Ericson and Pakes (1995))
or dynamic job-search (see Curtat (1996)).

Appendix A. Definitions and abstract fixed point theorems

Here we provide few definitions, as well as state a useful theorem??® that
we use in our discussion on unique MSNE.

Definition 1. Let E be a real Banach space and P C E be a nonempty,
closed, convex set. Then:

e P is called a cone if it satisfies three conditions: (i) p € P,e > 0 =
ep € P, (it) p € P,—p € P = p =10, where 0 is a zero element of P,
and (i) p e P,q€ P=p+q€ P,

e suppose P is a cone in E and P° # (), where P° denotes the set of
interior points of P, we say that P is a solid cone,

e a cone P is reqular iff each increasing sequence which has an upper
bound in order has a limit,

e a cone P is said to be normal if there exists a constant N > 0 such
that:

(Vp1,p2 € P) 0 <p1 <ps=|pi]| < Nlp2]-

Theorem 8 (Guo et al. (2004)). Let P be a normal solid cone in a real
Banach space with partial ordering < and B : P° — P° be a decreasing
operator (i.e. if py < py € P then Bpy < Bpy) satisfying:

(Fr,0<r <1)(Vpe P°)(Vt,0 <t < 1) t"B(tp) < Bp, (A.1)
then B has a unique fixed point p* in P° and:

(Ypo € P?) lim [[p, —p*|[ =0, (A-2)
where (Yn > 1) p, = B(pn_1). Moreover we have the following estimate of
convergence rate:

[pn — || < Mp(1—7""), (A.3)

where Mg >0 and 0 < 7 < 1 are positive constants dependent on the choice
of po-

ZSee theorem 3.2.5 in chapter 3.2 of Guo et al. (2004).
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It is important to stress that Guo et al. (2004) establish uniqueness results
under weaker conditions than we use in our work (A.1). We use a stronger
version of their result, which guarantees other conclusions of theorem 8.

Definition 2. Let P be a cone in real Banach space with partial ordering
< and operator C : P x P — P. If C is increasing with the first argument
and decreasing with the second, i.e. (Vp',p,q',q € P)(p' > p)(¢' > q) we have
Cp',q) > C(p,q) and C(p,q) > C(p,q), we say that C' is a mized monotone
operator. If Ip* € P such that C(p*,p*) = p*, then p* is called a fized point
of C.

Theorem 9. Let P be a normal solid cone in real Banach space with partial
ordering < and C' : P° x P° — P° be a mized monotone operator. Assume
that there exists a constant 0 < r < 1 such that:

(VO <t < 1)(Vp,q € P°) Cftp,t 'q) > t"C(p,q). (A.4)
Then C' has a unique fixed point p* € P° and for any po,qo € P°:

lim p, = lim ¢, = p", (A.5)
n—oo

n—oo

where (vn > 1) we deﬁne Pn = C(pnfla QHfl) and n = C(anlypnfﬁ-

Appendix B. Proofs

PROOF (OF LEMMA 1). Step 1: We prove (i). Without loss of generality
assume S = oo. Let us construct Hy C H such that Hy contains increas-
ing functions and is compact in the = topology. This set will take a form
Hy := L for some positive valued function M. Before finding this function
we show that L is compact with endowed topology . Let h € L be
arbitrary. Note that for all y € I 0 < h(y) < y. Next observe that Ly, is
equicontinuous for all selections of M. Let us take yo € I° and sufficiently
smal € € (O,%‘)). Define Wy = [%,%yo]. Clearly yo is interior point of
Woy. Let My := M(Wy). Observe [yg — €,9y0 + €] C Wy. Then if we take
0 < min (Mio, e), then hselép |h(yo) —h(y')| < € for all y € (yo—0,y0+0). For
M
yo = 0 we have sup |h(y') — h(0)] = sup h(y') <y < efor 6 = e. Hence
heLam heL
L is equicontinuous. Clearly £, is pointwise closed, hence by the Arzela-

Ascoli theorem (e.g., Kelley (1955), Theorem 17, p. 233), L is compact in
the topology —.
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Let x € I,z > 0,and h € H be increasing. Clearly Ah is well-defined (i.e.,
nonempty and single-valued). We now find function M such that Ah € L.
First, we show that Ah(-) is increasing whenever h is. As (by assumption 2
and 3) the function x — ((c,z,h) (¢ is defined in (2)) is increasing and
¢ — ((c,xz,h) (by assumption 1, 2) is strictly decreasing, there exists x; and
x9 such that 0 < x; < 29 < S, and such that if x € (0,24] then Ah(xz) = 0,
if x € [29,5) then Ah(x) =z, and if © € (2, z5) then Ah(z) is a zero of the
function ((-, z, h) (i.e. the argument for which this function reaches 0). Note
that, if (0,21] = 0, then 21 = 0 and if (29, S) = 0, then 25 = S. Moreover,
Ah(+) is increasing and continuous on intervals (0,z1], (x1,22) and [z2,5).
Note that since Ah(z1) = 0 and Ah(z3) = 2, hence for each = € [z1, x5] we
have Ah(x;) < Ah(x) < Ah(zy), which implies that Ah(-) is increasing on
all I. If (0, 21] = 0 or (29, S) = (), then this monotonicity holds as well.

To see that Ah(-) is Lipschitz on all W € Cy define w(c, z,p) := u(c) +
p(z)g(x — ¢) for some given continuous, decreasing, nonnegative function p.
Observe the relation W(c, x, h) = w(c, z, pyop), Where p; was defined in sec-
tion 4.1. Denote the unique argument maximizing w with respect to c¢ as
c¢*(xz). Also let ¢y denote a zero element of a function 2w(c,z, p), if it exist
and observe that:

x if u'(x) — p(x)g'(0) >
c*(x) = q co(z) if w'(0) —p(x)g' (v )>0>U( ) — p(r)g'(0),
0 if u/'(0) — p(x)g'(z) <

following from concavity of u and ¢g**. Since 0 < ¢y(x) < x there exist
points x; € I, i = 1,2 such that 0 < x; < 25 < 9 such that ¢*(z) = =
for x € (29,9), ¢*(x) = co(x) for x € [x1,25] and ¢*(z) = 0 for x € [0, z1).
Note that I := (x9,S5) or I; := [0,z1) can be empty sets. Without loss
of generality assume that both sets are nonempty. Note that on [ ¢* is
Lipschitz continuous with a constant 0 and on I5 ¢* has a Lipschitz constant
1. It is sufficient to show that ¢q is also Lipschitz continuous on all compact
subsets W C (x1,25). Note that on (x1,25) co(z) € (0,z) and p(z) > 0.
Hence and by Implicit Function Theorem the derivative ¢f, exists and:

p(x)g"(x — co(x)) + p'(2)g'(x — co(x))
u”(co(x)) +p(x)g"(x —colx))

colx) =

2 We write u/(0) := lir(r)l+ u'(c) for short.
c—
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We now put p(z) = [v(h(y))\(dy|z) for some increasing h € H \ {0} such
T
that (z1,x2) is a nonempty set. Let © € W Further

v - "= a@) | d@e =)
0 @ (@) + p@) g (@ — (@) | |u(co(@) + p@)g" (& — co@))
P (@)g (& — col)) —p(@)g (@ — col))
—i o)) - p@)g" (@ — (@) T p@)g" (@ — colx))
< 1+ MM, < o,

IN

1+

and respectwely These constants

//

where M, and M;f/ are bounds of ’Z

exist by assumption 3. Hence Ah(-) is Llpschltz continuous on all compact
subsets W C (s1, s2) with modulus 1+ M} M. To show it is Lipschitz con-
tinuous on all compact W it is sufficient to show it is continuous. But it is

easy to verify since x — [v(h(y))\(dy|z) is continuous since h is continuous.
T
Hence continuity of Ah(-) follows from continuity of u and g and Berge (1997)

maximum theorem. Therefore, ¢*(x) is a Lipschitz continuous function with
Lipschitz constant 2 + M;V My i.e. sum of the Lipschitz constant on subinter-
vals. Setting M(W) := 2+ M)V M, we conclude that Ah € L. Obviously
if we take a function h € Ly, and p(z) such that (xq,z5) = 0, then Ah =0
or Ah =0 and A(h) € L4 as well. This implies that A maps £ into itself.

We next show that A is continuous (in — convergence) on L. We have
Ah, — Ah pointwise when h,, — h, by continuity of functions u, g, v and
Lebesgue’s dominated convergence theorem. Since L4 is equicontinuous, the
topology of pointwise and — convergence coincide in £ hence, Ah, — Ah
uniformly on all compact subsets of I.

Finally, A is decreasing. Let hy < hy. Since h — ((c, z, h) is decreasing
we have ((c,z, hy) > ((c,z, hy). If Aho(x) = 0 the hypothesis holds trivially.
Let Ahs(x) € (0,z]. Then ((Aho(x),x,hy) > 0. Let ((Ahy(z),z, he) = 0,
and ((Ahy(x),z,hi1) = 0. Then ((Ahy(x),x,hy) > 0. In this case (-, x, hy) is
decreasing and we obtain Ahy; > Ahgy. If ((Ahi(x), 2, hy) > 0 then we imme-
diately obtain Ahy(z) = x, and Ah; > Ahy as well. Finally let Ahy(z) = x.
Then for all ¢ € (0,z) we have 0 < ((c¢,z,hy) < ((c,z,hy) and Ahy(z) = x
as well.

Step 2. We prove (ii). We repeat the reasoning from the previous step.
We just need to show that there exists a compact set say Hy C H such that
A(Hy) C Hy. This is Hy := Ly for M := 2 + M,M,. Repeating reasoning
from the previous step we obtain |¢j(x)| < 1+ M,M, for x € (z1, x3).
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PROOF (OF THEOREM 2). Step 1. Proof of (i). Let Hy be a set from
lemma 1. As it was mentioned before H, is compact in —. Clearly H,
is convex. Lemma 1 asserts that A is continuous. Hence, by Schauder’s the-
orem (e.g., Kuratowski (1966), p. 544), ¥4 C Hy is nonempty. Suppose now
that W, has two ordered fixed points in L,; say, h, hew 4. Then for all
z eI, hiz) < h(z). By monotonicity property of the operator A (lemma 1)
we obtain h(x) = Ah(z) > Ah(z) = h(z). Hence h(z) = h(z). Hence each
pair of the ordered fixed points is a pair of identical elements. Therefore, W 4
is antichained.

Step 2. Proof of (ii). Let M be a number from lemma 1. By the proof of
lemma 1 set Ly, is closed, relatively compact and hence compact (in topology
). The convexity of Ly is obvious. Lemma 1 asserts that A is continuous.
Hence, by Schauder’s theorem (e.g., Kuratowski (1966), p. 544), ¥, C Ly,
is nonempty. We repeat reasoning from previous step to obtain that W4 is
antichain.

PROOF (OF THEOREM 3). The strategy of the proof is to show that condi-
tions of Guo et al. (2004) theorem (see theorem 8 in appendix) are satisfied.
Clearly P is normal solid cone with natural product order and sup-norm.
Observe that P° is a set, of strictly positive functions.

Note that BO(x) = [, v(y)A(dy|z), where (z) =0. Let x € I, 0 <t < 1,
and p € P° be g1ven We need to show B maps P° into itself. First observe
that

tim AT iy (o) — pla)g/(z - 0)) = oo
Hence by definition of ¢} we obtain that ¢;(y) > 0 for y > 0. Hence B(p) €
P°. As v is strictly positive on I \ {0}, and A(-|z) is not Dirac delta at 0,

this implies that B(p)(z) := [ v(c}(y))A(dy|z) > 0, for all z € I.
T
For a given r,1 > r > 0, consider a function ¢, : [0,1] — Ry, ¢,(t) =

t"B(tp)(z). We will show that ¢, is increasing with ¢ on (0,1). Adding
continuity of ¢, from the left at 1, we will conclude that 3 r,0 < r < 1 such
that ¢,.(t) < ¢,.(1); hence, t"B(tp) < Bp as required by Guo et al. (2004)
theorem.

Note that the function w(e, z, p) = u(c) 4+ p(z)g(x — ¢) has decreasing dif-
ferences in (c, p). By Topkis (1978) p — c;(x) is decreasing and continuous in

the topology —. By the same argument ¢ — ¢t 1s decreasing and continuous.
By definition of B it is sufficient to show that the function ¢ — t"v(c},(v))

38



is increasing for all y € I. Clearly ¢;,(0) = 0 for all ¢ € (0,1]. For arbitrary
y € I°, let us divide interval T° := (0, 1] into two disjoints parts T° = TYUTY,
where Ty ={teT: ¢,y e (O7 1)} and T3 := {t € T° : ¢, (y) = y}. Note
that 7} is open and T3 is closed. Since t — t’"v(cfp(y)) is continuous, we just
need to show that this function is increasing in all 7). It is easy to see that
this function is increasing on 7. Let ¢ € T3, and c(t) := ¢, (y). Clearly c(t)
solves an equation a%w(c,y,tp) = 0. Since u”(c) < 0 for ¢ > 0, by Implicit

Function Theorem we obtain that ¢/(t) := %cj (y) exists and:

) = p(y)g'(y — c(t))
u”(c(t)) + tp(y)g"(y — c(t))

(B.1)

Further:

d, ., — " Ly(e "o (N () = 7 Lo(e " U/(C(t))c/
() = (0] 4 £ ) ) = ¢ olete) (7412 G 0).

By equation (B.1):

v'(c(t)) p(y)g'(y — c(t))

dt)y=t =
v(c(t)) u”(c(t)) + tp(y)g"(y — c(t))
V' (c(t)) v'(c(t)
oelD) _ oelD)
(D) T . W) , ¢ —ed)
BT @) T Fuar) @) T gly—en)
v'((c((t))))
= u”(c(t)) g (y—c(t)) 2 -, (BQ)
D) g ly—elD)

where the last inequality follows from (5). Combining (B.1) and (B.2) we
obtain that 4 ("v(c(t)) > 0, and therefore t"v(c(t)) = t"v(ct,(y)) is increasing
on the interval Ty. Hence we obtain monotonicity of ¢,(-) on the whole
interval [0, 1].

As a result we have that t"B(tp) < Bp for any t,0 <t < 1, any p € P°
as in theorem 8. Therefore, we conclude that B has a unique fixed point in
P°; and conditions (6), (7) hold.

PROOF (OF COROLLARY 1). Fix x € [ and for any nonnegative constant p
consider I(p) = ¢,(x) i.e. consider [ as a function from R to R. Let us take

p € [0,p] with p = [v(y)\(dy|0). We show that [ is a Lipschitz continuous
T
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function on [0, p]. Since p — ¢,(x) is decreasing and continuous, hence there
exist number 7 such that ¢,(z) = x for all p € [0, 7], and ¢,(z) € (0, z) for all
p € (n,p]. Inada condition on u guarantees that c¢,(x) > 0, whenever p > 0.
Without loss of generality assume that 0 < n < S. With fixed z we have
I'(p) := a%cp(x) =0 for p € [0,n]. Let p € (n,S). Then gpw(l(p),x,p) = 0.

By Implicit Function Theorem we have:

N —g'(x —1(p))
0= ) + o — 1)
—g'(x—1p)  pg"(x—1Up) <M,

pg"(x —1(p)) w(I(p)) + pg"(x = Up)) — p
Hence for all € > 0 and p € [e, p] we have

1) ~ 1p2)| < 1~ pal. (.3

Let pmax(z) := [0(y)A(dy|x). Clearly it is decreasing and continuous func-
T

Phas(@) = Blpnss) ) = [ 0(cp () Nyl

1

tion. Let

Since lim u/(c) = 00, ¢p,..(y) > 0 for all y > 0. Noting that p. . (-) is contin-

c—0t
uous on compact I (as pmax is continuous), we conclude that mi}l Pr () > 0.
e
Therefore

Pinax(7) = €= minp, . (z) > 0.
re

Consider a sequence p,, defined in (7). Note that B(pg) = p1 < pmax = B(0)
as by theorem 3 operator B is decreasing. Suppose puax > Pn > p.., for some
n. Applying B we obtain p. . < p,.1. This implies that p"(z) > pl () > €
for all n and z. By definition of [ we have [ (B"pg) = cpnp,(x) = A" (ho)(2).
Therefore,

A1 () &) (2)] = e () -6y ()] < 2| B ()" ()] < ML=

with My = %M . The last inequality follows from definition of /(-) and
(B.3).
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PROOF (OF THEOREM 4). Let h(-|0,) € LNEy(6,), 6, — 6 and h(-|6,,)
ho. We show that hg € LN Ey;(0). From definition of h(-|6,) we have

u(h(z|0,)) + /v(h(yl9n)79n)k(dy\x,9n)g(ﬂf — h(x]0,)) (B4)

1

> u(e) + / o(h(y16,), 0N dylz. 6)g(x — ), (B.5)

for all ¢ € [0, z]. For fixed = we need to show that the convergence

Jp = /U(h(y|9n),9n))\(dy|a:,9n) — /v(ho(y),H))\(dy|:v,9) =J (B.6)

1

is satisfied. We have

|[Jn = J] < /Iv(h(ylf)n)ﬂn) = v(ho(y), O)|Mdylz, 0r) (B.7)

n / o(holy), H)M(dylz,6,) — / o(holy). O)M(dy|z, 6)| .(B.8)

I I

Let 0, = {v(ho(y),Q)/\(dyu,Hn) — [U(ho(y),ﬁ))\(dy\x,e). Since v(ho(y))

is continuous, hence and by Feller property of A(:|z,6) we obtain §,, — 0.
Observe that since v(-, ) is uniformly continuous and h(-|0,) — ho(+), hence
v(h(-10,),0,) = v(ho(-),0). Since I is bounded, hence for all ¢ > 0 there is

n. such that for all n > n, we have
[o(h(-[6n), 6n) — v(ho(-), 0)]] <e.
Therefore for n > n. we have
|J, —J| < e+,

Taking a limit n — oo and next ¢ — 0 we have |J,, — J| — 0. Hence if we
take a limit in (B.4) we obtain that hg is a Nash equilibrium in the game
with 6. Moreover, hg € Ly;, hence hy € LN E;(0).
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PROOF (OF THEOREM 5). Let a MSNE h* € Ly, be given. For a transition
probability Q(-|z — h*(x),x) let us define a corresponding Markov operator
T:4(I)— %(I) by:

T(x) = g(x — b (z / S dylz) + (1 — gz — b (2))) £(0).

Observe that operator 7" is stable hence Q(-|z—h*(z), z) has a Feller property.
We now show that 7 is also quasi-compact?®. To see that let us also define
an operator L:

Lf(z) = (1 = g(x = h(x)))f(0),

in €(I). Endow % (I) with the sup norm and denote a unit ball in €' (I) by
K. Let f be an arbitrary element from K. Note that:

LK) = {(1 = g(x = h(x)))f(0) : f € K}.

Clearly:
L(K) = {a(1 = g(z = h(z))) : a« € [0,1]},

is the compact set. Hence L is a compact operator. Let f € K Then:

Tf(x) — Lf(z)| = / F)A(dyla)| <
< gz h(z)) / F@)Mdyle) < llglle < 1.

Hence ||T'— L|| < 1 and this completes that T" is quasi-compact.

Finally applying theorem 3.3 from Futia (1982) we get that T is equicon-
tinuous. Further we observe that Q(0|S — h*(S),S) > 0 and @Q(0]|0,0) > 0.
In theorem 2.12 Futia (1982) shows that if an operator 7" is equicontinuous
and @) satisfy the above mixing condition then the Markov process induced
by @ and h* has a unique invariant distribution p*. Moreover we get that
from any initial xg € I, the measure on I induced by @) and h* converges to

*

W

25 An operator T : € (I) — €(I) is said to be quasi-compact iff there exists a natural
number n and a compact operator L such that ||[T™ — L|| < 1.
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PROOF (OF THEOREM 6). For any x € [;:

| AR () — h* ()] (B.9)
< JA(AL g, ) (@) — A(AMHRO) (a)| +
|A"RO(z;) — A"RO(z)| + |A"RO(x) — h*(x)].
where above follows from the definition of A,, and a triangle inequality. Fur-

ther, by theorem 2 A maps Ly, into Ly, and by point (ii) in theorem 3 we
obtain:

JA"RO (2;) — A"RO(x)| + |AhO(z) — B* ()] < My, + Ma (1= 7") .(B.10)

Next, observe in the sup norm:

goue

< |45 ey, — AP,

where the first inequality follows from the definition of the sup operator,
and the second follows by point 9 in Leader (1982) theorem. Specifically we
can apply the main theorem in Leader (1982) as A is continuous, uniformly
contractive and Lj; compact. As a result we conclude that, there exists a
number k for iterations of A giving smaller distance than the sup distance
between any two starting points, e.g. A" 1h% and A"~'h°, applying the above
n times, we obtain:

IAAG ) — ACA RO < (AL hy, — APR0]| <
< Mdy, + ||A(AL?hy,) — A(A" 2RO < ... <
(n — 1)Md,, + ||h, — h°|| = nMd,,. (B.11)
Combining the expressions (B.9), (B.10) and (B.11) we obtain:
AR, — Bl < || ACAT hy) — A(A™ R0 + diy
+[|ARY — b*|| < (n+ 1)Md,, + Ma(1 —77). (B.12)

The first assertion follows from (B.12) by taking limits with m — oo, and
next with n — oo.

PROOF (OF LEMMA 7). Observe that ¢ = 0 and that ¢ = AT~'0. Since
conditions in theorem 8 are satisfied (via relation (8)) we obtain limz ., A7710 =
h* uniformly.
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PROOF (OF EXAMPLE 9). Let hy, hy € C(1)° and 0 < ¢ < 1 be given. For
simplicity, for a given z € I denote C'(hy, ho)(z) = C and C(thy,t " hy)(x) =
C;. Observe C' > C,. From the definition of C' and C, we obtain:

2G4 al g — C) / B (y)M(dy|z) — Cog'(z — ) / B (y)M(dylz) = 0,
I I
Similarly, for C,, we have:
2G4l g(a—C) / 10 () \(dylr)—Cg (+—C)) / PR ()M (dyl) = 0,
I I

Solving for [, R (y)A(dy|z) from the latter equation, and substituting the
result into the former, we have:

K= [v(ﬁ H+ali e = G [P )Nl | =
[’yC’7 Lt aCotgla —C) [, (y dy|x)] :

As g is strictly concave, and 0 < o < 1, we have % > 1; hence:

9 17O+ alCly (a:—ét [, 707 (y) A\ (dy\:v)} <

(B.13)
< (7G4 aCetg(z — C) [, 1 (y)A dy|x)}.

~ 5~
We now show by contradiction that C; > t17a (. Assume 37 € I,z > 0 such

that Cy(F) < t%é( ). Tt follows that t**C*~1(%) > C*~'(Z). Moreover, as
g and hy are nonnegative, and g(i — Cy(#)) > g(Z — C(Z)), we have

at*Ce D)g(5-Cua) [ PR N dle) 2 ol @)g(a-C (@) [ B Adle)
! " (B4

Since v < «a, we have & < % With 0 < ¢t < 1, we obtain t%é(aﬁ“) <

t7s0(F) < t15

Cu(#) < 17 C(3

7 C (Z). Combining this result with the assumption , we have:
). Which leads to the following;:

tPCr N (z) > O N @). (B.15)

Adding mequahtles

(B.14) and (B.15), we obtain a contradiction (B.13) at
Z. Hence C’t > ti-a C«C~’
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By assumption 28 + «a < 1 hence r := % < 1; therefore, the hypotheses
of condition (A.4) in a theorem 9 is satisfied. Since € (I) is a subset of
a normal solid cone in a real Banach space, and C' mixed monotone with

C(-,:) # 0 , we conclude from theorem 9 (see appendix) the existence of
a unique fixed point of C' on € (I).
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