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1 Introduction

The autoregressive conditional heteroscedasticity (ARCH) class of models
has been introduced first by R.F Engle [4]. Parallel to the success of stan-
dard linear time series models, arising from the use of the conditional versus
unconditional mean, the key insight offered by ARCH model lies in the
distinction between conditional and unconditional second order moments.
While the unconditional covariance matrix for the variables may be time in-
variant, the conditional variances and covariances often depend non-trivially
on the past states of the world. Understanding this intertemporal depen-
dence is crucially important for many issues in macroeconomics and finance.
ARCH models are models that can represent locally non-stationary stochas-
tic processes which are asymptotically stationary. It means that parameters
determining the density function of the distribution f; (z) fluctuate in pe-
riod t. Such local fluctuations do not impair the hypothesis of the existence
of the asymptotic form for density function P (z).

ARCH processes constitute a stable ground for stochastic models with dis-
crete time, for which the variance in period ¢ depends conditionally on some
of previous squared disturbance terms. ARCH processes define a whole

class of stochastic models while single models are characterized with various
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Figure 1: WIG20 rates of return 1991-2004
steering parameters and various functional forms for density functions that
generate a variable in period t.
2 Volatility clustering

In many econometric research concerning financial time series the subject of

modeling usually is the rate of return, usually defined in a following manner:

re = (Yt — Y1) [Yt—1 (1)

where y; is the quotation of a given financial instrument. Alternatively rate

of return r; may be defined following:

re = Inyy — Iny—1 = In (ye/ye—1) (2)

The rates of return, especially those on the stock exchange have a few



typical properties. One of them is volatility clustering. This means that
large changes tend to be followed by large changes of either sign and small
changes tend to be followed by small changes. This phenomenon is immedi-
ately apparent when assets returns are plotted through time. To illustrate
that Figure 1 presents the daily capital gains on the WIG index from 1991
to 2004. Greater volatility of dependent variable results in an increase of the
disturbance term variance. There have been many attempts to determine
the cause of this phenomenon. The most popular theories suggest that this
is a result of irregular information flow. Moreover rates of return are lep-
tocurtic distributed which means that the probability of an unusual change
is greater than it would be in case of normal distribution. Another one is
so called leverage effect which refers to the tendency in stock prices to be
negatively correlated with changes in stock volatility[3]. The next property
are non-trading periods which leads to the situation when information ac-
cumulates while the markets are closed and is then reflected in the prices
after the markets reopen. It has been showed that informations accumulates
more slowly when the markets are closed. Forseable events influent high ex-
ante volatility. This especially noticeable before earnings announcements or

central bank statements.

3 Model ARCH(S)

The ARCH regression model is obtained by assuming that the mean of
is given as x¢3, a linear combination of lagged endogenous and exogenous
variables included in the information set ¥;_; with 8 a vector of unknown

parameters. Formally,

yt’\Ilt ~N (mtﬁtv ht) ) (3)

hy = h(€—1,€-2,...,€—p, ), € = Yp — 1t 3. (4)



The ARCH regression models have a variety of characterictics which make
them attractive for econometric applications. Econometric forecasters have
found their ability to predict the future varies from one period to another.
In practice, the inherent uncertainty or randomness associated with differ-
ent forecast periods seems to cary widely over time. Moreover large and
small errors tend to cluster together. This analysis immediately suggests
the usefulness of the ARCH model where the underlying forecast variance
may change over time and is predicted by past forecast errors.

A second example can be found in monetary theory and the theory of fi-
nance. By the simplest assumptions, portfolios of financial assets are held
as functions of the expected meads and variances of the rates of return.
Any shifts in asset demand must be associated with changes in expected
means and variances of the rates of return. If the mean is assumed to fol-
low a standard regression or time-series model, the variance is immediately
constrained to be constant over time. The use of an exogenous variable to
explain changes in variance is usually not appropriate.

A third interpretation is that the ARCH regression model is an approxi-
mation to a more complex regression which has non-ARCH disturbances.
The ARCH specification might then be pisking up the effect of variables
omitted from the estimated model. The existence of an ARCH effect would
be interpreted as evidence of misspecification, either by omitted variables
or through structural change. In this is the case, ARCH may be a better
approximation to reality than making standard assumptions about the dis-
turbances, but trying to find the omitted variable or determine the nature
of the structural change would be even better.

In respect of the fact that in many econometric models the heteroscedas-

ticity cannot be eliminated even by re-specification of proper equations R.



Engle proposed to express the disturbance term variance with an AR(S)

process:
S

=+ V& s+m % >0,7>0 (5)

s=1
where 1y : [1D (0, 0'727) and then to use this additional information in likeli-
hood function for MLE. The key of this method is a correction of estimator
and its properties. Stochastic process {&;} described by (5) is called autore-
gressive conditional heteroskedastic (ARCH) process. It is often denoted in

the following way:
& =vivIy (6)

where v, : IID (0,1),& : IID (o,ag) and

S
he =0+ > Vst s (7)

s=1

That is why it can be represented in such a manner:

vZhy = hy + 1y (8)
The conditional mean and conditional variance are equal:

E(&]€-1) =0 (9)

D?* (&|&-1) = Iy (10)

which means that the latter is time variant and:

E() =0 D*(&) =of= (1;:—(;7)- (11)
- s=1Is

Linear ARCH(S) model assuming that disturbance term can be represented

by (6) and (7) can be represented as follows:
Tt = T(eyQ(r) + &t (12)

& = vV (13)



S
he =0 + Z%g—s (14)

s=1
for which:
E (T‘t) =F (Tt’rt—l) = x(k)ta(k) (15)
D? (relri—1) = hy (16)

4 The likelihood function

The parameters of ARCH models may be estimated in OLS procedure be-
cause (i), and & are nor correlated and v : 11D (0,0). However the ML
estimator is asymptotically more effective than the OLS one.

Let | be the average log likelihood and [; be the log likelihood of the tth

observation and T the sample size. Then
1 & 1 1 1
I==Y1 Iy = —=In (210) — —Inhy — —&2/hy. 1
T;t’ t = —5ln (20) = Slnhy — S& /h (17)

To estimate the unknown parameters «, this likelihood function can be

maximized. The first order conditions are:

alt . 1 aht yt2
Ja = Ty O <h7 - 1)

and the Hessian is
Pl _ _ 1 OOk y_t2 + y_t2 )9 (i%) (19)
Oada’  2h7 Oa O’ \ hy hy 0o’ \2h; O )~

5 ARCH effect testing

In the linear regression model, with or without lagged-dependent variables,
OLS is the appropriate procedure if the disturbances are not conditionally
heteroscedastic. Because the ARCH model requires iterative procedures, it

may be desirable to test whether it is appropriate before going to the effort



to estimate it. The Lagrange multiplier test procedure is ideal for this as in
many similar cases.

Under the null hypothesis, a1 = a2 = ... = a;, = 0. The test is based
upon the score under the null and the information matrix under the null.
Consider the ARCH model with h; = h (zia), where h is some differentiable
function which, therefore, includes both the linear and exponential cases
as well as lots of others and z; = (1,8%_1, . ,e%_p) where e; are the ordi-
nary least squares residuals. Under the null, h; is a constant denoted A°.
Writing dhy/doa = B'z], where B/ is the scalar derivative of h, the score and

information can be written as
2
ol n , [ € Y . 0 1 (n"° ,
5al" = 97 24 (m‘l =gt Je=g g ) e ()
and, therefore, the LM test statistic can be consistently estimated by

Ex = %f’oz (z'z)_l 1o (21)

2
where 2’ = (2],...,2%), fO is the column vector of (% - 1). An asymptot-

ically equivalent statistic would be
gZTfIOZ(Z,Z)_IZ/fO/fIOfO:TR2 (22)

where R? is the squared multiple correlation between f° and z. The test
procedure is to run the OLS regression and save the residuals. Regress the
squared residuals on a constant and p lags and test TR? as a XIQ,. This will
be an asymptotically locally most powerful test, a characterization it shares

with likelihood ratio and Wald tests.

6 Other ARCH class models

Thanks to numerous possible specifications of the conditional variance func-

tion there are many modifications of ARCH models. Those most significant



are GARCH models with their variations.

6.1 GARCH(S,Q)

In 1986 Bollerslev proposed a generalization of ARCH(S) which is called gen-
eralized autoregressive conditional heteroscedasticity (GARCH). The differ-
ence lies in the function of conditional variance that is given with equation
S Q

he =0 + s_zzl Vs€is + qz_:l Pqhi—q (23)
where S > 0,Q > 0,79 > 0,vs > 0,¢4 > 0.
In GARCH(S,Q) model there have been introduced an autoregressive pro-
cess in hy. While for Q = 0 this process can be reduced to ARCH(S), the
ARCH may be treated as specific case of GARCH. Empirical research has
shown that GARCH(1,1) with following h;

hi =0 + ’Yl§t2—1 + @1he—1 (24)

where ¥; + qgl ~ 1 is good enough to descript precisely financial phenomena.

Those models for which:

S Q
v+ d dg=1 (25)
s=1 q

are belong to the integrated in variance ARCH models (IGARCH).

6.2 NARCH(S,Q)

A modification of GARCH model is a nonlinear ARCH - NARCH with

following function of conditional variance:

S Q
WP =0+ 3 sl + 3 g2, (26)
s=1 q=1



where S >0, Q >0, >0, v, >0, ¢4 >0 and p € N.
For u =2 NARCH(S,Q) is reduced to GARCH(S,Q) and for u =1 to:

S Q
Vhe =0 + Z ’Ys’ft—s’ + Z bq \/ hi—q- (27)
s=1 q=1

6.3 EGARCH(S,Q) and MARCH(S,Q)

GARCH(S,Q) and NARCH(S,Q) models allow to include the volatility clus-
tering but they have some drawbacks as well. Firstly, the conditional vari-
ance is independent from the sign of &. On real markets, however, rates of
return are negatively correlated with their volatility. The variance of shares
prices usually increases as a result of a negative information and decreases
in an opposite situation. Secondly, GARCH parameters can be only positive
in order to assure positive sign of h;. This means that an increase in the
value of & always results in an increase of the conditional variance, which
excludes oscillation of h. Lastly, the effects of a shock may not be dying
out but rather cyclical.

Exponential GARCH, that is EGARCH(S), does not have that drawbacks.
Its conditional variance function takes the following form:

loghs — 10+ 3" (51%_3 5 (|vt_s| - ¢2/7>) (25)

s=1

where S > 0. The same properties has EGARCH(S,Q):

S Q
loghy = v + Z s <51Ut—s + 09 <|Ut_s| — \/2/7r>) + Z pqloghi—q (29)
q=1

s=1

where S >0, Q > 0 and v; = &/v/hy.
Another one GARCH modification is multiplicative ARCH (MARCH) with
a conditional variance function:

S Q
loghy = vo + Z vslogv?_, + Z bq (logvf_q - loght_q) (30)
s=1 q=1

where S > 0, Q > 0. These models are nonlinear ARCH models.



6.4 QARCH(S,Q) and AARCH(S,Q)

The asymmetry of h; is taken into account by QARCH modification:

S Q
W = 0+ 3 vslés — R+ 30 dghh 2, (31)
s=1 q=1

where § >0, Q >0, v > 0,7 >0, ¢, > 0and pp € N, k # 0. A specific
case of QARCH is asymmetric ARCH (AARCH):

hy =y + ’Yl§t2—1 + 081 + drhi—1. (32)

In this model the negative value of § means that positive rates of return
increase the value of conditional variance function more than the negative

ones.

6.5 ARCH-M(S)

Within the development of ARCH methodology it has been postulated to
include the variance equation into the main regression. This has been ex-
plained by the trade-off between the risk and return on investment. This
proposal is brought in life by ARCH-in-Mean (ARCH-M(S)), where the con-

ditional variance determines the value of the dependent variable.
re = T + UV he + & (33)

& = vV (34)

S
he ="+ Vséis (35)

s=1

In application sometimes simplified ARCH-M(S) is being used:

re=1UVhi+& or = plogy/hy + &. (36)

ARCH-M(S) is commonly used in analysis of CAPM (Capital Assets Pricing
Model) and APT (Arbitrage Pricing Theory) models.
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7 Classical conformance measures

Let W;_ 1 denote the information set in period ¢t — 1. For a good model we

have:
E(rfl0 1) = E (10 1) = (37)
which leads to a conclusion that the proper conformance measure for an

ARCH model is the R? of the following regression:
2 _
Ty = ¢o + d1he + & (38)

For data of higher (b) than daily frequency ry = Iny; — Iny,_1y, for t =

1/b,...,b/b and the proper statistic is R? of the equation

i = 0 + drhupa + S (39)

Empirical research showed that R? for this equation is relatively low and sel-
dom exceeds 0,05. That is as the conformance measure has been proposed|[1]

R? of following regression

b
Z Tt2+a/b = ¢o0 + Orhi1 + &1 (40)

a=1

This change leads to an increase in R?. For daily data it is still about
0.05, but for hourly it increases up to 0.2-0.3 and for high frequency data (5

minutes) it reaches 0.5.

8 Direction conformance measures

The success of an investment strategy often depends not on the precise
forecast of shares prices but on the ability to predict the direction in which
the price flows. A measure that can reckon forecasting properties of a model

is direction conformance measure

. N({’l“fft > 0})
L= N £0)

11
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where:

Tt theoretical values of the dependent variable,
N ({ry7¢ > 0}) number of observations for which 7 > 0,

N ({ri74 # 0}) number of observations for which r;7; # 0.

In the context of short term investment strategies the ability to predict

the turn points may be essential. This can be measured with:

. N({tht > 0|7‘t—17‘t < 0})

QQ - N ({’l“t’ft 75 0|7‘t—17‘t < 0})

(42)

where N ({r 7y > 0|rs—17 < 0}) is the number of observations for which
ri7; > 0 under the condition that r;_17r; < 0.

On the market where there are costs like commission for every transaction
corrected measures may be applied (if the commission amounts to 1% of the

transaction value

N ({TtTA’t > 0’7} > 1%})

N = N (ruf £ Ol > 1)

N ({rere > 0| (remire < 0N > 1%) 1)

219, = .
2% = N ety Z 0] (s < 00 e > 1)1
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